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Real-time Specification and Reasoning Using
Maximal Intervals

C.J. Fidge I.J. Hayes B.P. Mahony* A. K. Wabenhorst

Abstract.

Interval-based formalisms for real-time systems describe behaviour via the
time intervals during which predicates on the system state hold. However,
these formalisms are clumsy for relating the occurrences of state changes, or
events. Here we overcome this by introducing definitions and laws for maximal
intervals. These define the longest time intervals over which a predicate holds,
and their endpoints thus mark significant state changes.

1 Introduction

A number of specification and reasoning formalisms for real-time systems use
the time intervals during which state predicates hold as their fundamental mod-
elling concept. These formalisms are ideally suited to a state-oriented style of
specification in which system properties are defined over all time, or over cer-
tain intervals of time. However, they are awkward for expressing event-oriented
behaviour in which state changes marking occurrences of significant events must
be related to one another.

Here we overcome this by introducing definitions for mazimal intervals.
Rather than defining all intervals during which a predicate holds, maximal oper-
ators define the longest such intervals. The endpoints of each maximal interval
thus mark times at which significant state changes occur, so that other events
can be related to these points.

2 Motivation

Time intervals are the basic modelling concept in a number of real-time speci-
fication and reasoning formalisms. The Duration Calculus [14, 3] and its many
derivatives, such as Temporal Algebra [12], are founded in interval temporal
logic [8] and integral calculus. The Timed Interval Calculus [6,2] is founded in
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set theory, and is thus compatible with the Z specification language [11]. How-
ever, despite their different bases, all of these interval calculi offer the program-
mer similar operators and capabilities. Below we use Timed Interval Calculus
notation.

Recall that an interval from point a, exclusive, to point b, inclusive, is tradi-
tionally written as (a , b]. Similarly for other combinations of endpoint inclusion
or exclusion. The Timed Interval Calculus extends this notion to allow sets of
time intervals to be defined using special brackets surrounding predicates on the
system state. For a predicate P, expression {P] denotes the set of all left-open,
right-closed time intervals during which P holds at every point in the interval.
Combinations of these intervals are possible. For instance, {P] defines the set
of left-open intervals in which P is true—both right-open and right-closed inter-
vals may be included in the set. The case [fPJ defines all intervals in which P
holds, regardless of endpoint closure. Within predicate P, three special values
can appear: a denotes the starting time of the interval, w denotes its finishing
time, and § denotes the interval’s duration.

For example, consider the well-known ‘gas burner’ problem [14]. Let there be
two variables representing the state of a gas-fired furnace: real-valued variable
gas is the current rate of gas flow in litres per second, and boolean variable flame
is true only if the gas is currently lit. The following predicate then expresses the
property that there can be no flame without gas flow.

[flame) C fgas > 0y (1)

On the left are all intervals in which the flame is burning, and on the right are
all intervals in which gas is flowing. Thus, any interval in which there is a flame
is also one in which gas is available.

The converse is not necessarily true, however. Let states characterised by the
following predicate represent a potentially hazardous gas leak due to there being
a flow of unburnt gas.

Leak == gas > 0 A = flame

Then we can express the property that gas must not leak continually for more
than 4 seconds as follows.

FLeak) C 6 < 4 (2)

On the left is the set of all intervals over which predicate Leak holds. On the right
is the set of all intervals whose duration d does not exceed 4 seconds. Property (2)
thus states that every interval in which gas is leaking has a duration no greater
than 4 seconds.

To describe sequences of states, interval calculi must also provide a concate-
nation operator to allow subintervals to be joined end-to-end [8]. Given two sets
of intervals §; and S5, then their concatenation ‘Sy 5 92’ is the set of all intervals
composed of an interval from 57 concatenated with an interval from S3. The
right-hand endpoint of the interval from 51 must equal the left-hand endpoint



of the interval from S, and the intervals may not overlap [2]. (See Section 3.2.)
Using this operator it is possible to express properties concerning state changes,
or events. For example, a requirement that the gas must be switched off no more
than three seconds after the flame goes out can be expressed as follows.

Eflame] 5 [~ flame A gas > 0 5 [fgas = 0] 3)
C [flame) 5 [0 < 3] ;5 fgas = 0

On the left we have intervals consisting of an initial subinterval in which the
flame is lit, followed by a subinterval in which the flame is out but the gas is still
flowing, followed by a final subinterval in which the gas is out. The concatenation
points thus mark the events of interest, i.e., the time at which the flame goes
out, and the time at which the gas is switched off. On the right, we have intervals
consisting of a subinterval where the flame is lit, followed by a subinterval no
longer than three seconds (during which the gas may still be flowing), followed
by a subinterval where there is no gas flow. Therefore, the gas is off no more
than 3 seconds after the flame was burning. Note that this property assumes
the occurrence of the two events, i.e., the flame going out and the gas being
switched off, and constrains only the duration between them. The property does
not consider other sequences of events, such as the gas being switched on and
the flame being subsequently lit, which may have a different timing requirement.
Nor does it consider the case where the gas stays on indefinitely.

Properties concerning events are awkward to express because capturing a
change to some predicate P means it must appear on both sides of a ‘5’ operator
in a [ P);f— PJ) pattern. This becomes even worse when attempting to expressing
minimum durations. For example, consider the requirement that once a gas leak
has been stopped then no further leak may occur for at least 30 seconds. Using
a concatenation operator, this must be written as follows [13].

[Leak) ; [f— Leak) ; fLeak] C [fé > 30] (4)

This achieves the desired effect because the Leak intervals at each end can be
arbitrarily short. To make property (4) true, therefore, the predicate = Leak in
the middle must hold for at least 30 seconds. Stating this requirement, however,
forced us to repeat predicate ‘Leak’ three times, in order to capture the two state
changes of interest.

Such properties would be easier to express if the interval calculi had brackets
for describing not all intervals during which a predicate holds, but rather the
longest possible intervals. The endpoints of these intervals would then occur
at the times where the state changed. To do this, Mahony and Hayes defined
‘cover’ intervals as the set of maximal disjoint intervals that encompass all times
at which some predicate of interest was true [5,4,7]. This notion was further
refined through a series of case studies [7,6]. Here we update and simplify these
definitions, and define laws for reasoning about specifications that use maximal
intervals.



3 Maximal Intervals

In this section we present definitions of, and laws for, maximal intervals in a
Z-based notation.

3.1 Intervals and Sets of Intervals

In previous work, we defined the time domain to be the set of real numbers, and
then defined an interval calculus in terms of finite intervals [2]. However, defining
maximal intervals introduces the need to consider properties that remain true
indefinitely, and thus forces us to introduce infinite intervals to the calculus.

Let R be the set of real numbers. In order to provide explicit values for left
and right endpoints and durations of infinite intervals we introduce the extreme
values —oco and co. Let R, be the the real numbers plus two special values, —co
and oo [10, §2.3]. An interval is defined as a set of real numbers (not containing
+00) in the usual way.

Definition 1 (Intervals)

(a,b)=={x:R]a<z<b}, wherea,b:Ryanda<b
(a,b]=={2:R|a<z<b}, wherea:Re, b:Rand a< b
[a,b)=={2:R|ag<z<b}, wherea:R, b:Rand a<b
[a,b]=={2z:R|a<z<b}, whereag,b:Randa<b

Sets of these intervals are then defined straightforwardly. Below, OC will
denote the set of left-open, right-closed intervals, CO the set of left-closed, right-
open intervals, and so on.

Definition 2 (Sets of Intervals)

00 =={a,b:R|a<be(a,bd)}
OC=={a:Ry,b:R|a<be(a,b]jU{a:RU{—0c0}e (a,c0)}
CO=={a:R,b: Ry |a<befa,b)}U{b:RU{co} e (—0co,b)}
CC=={a,b:R|agbea,b]}U{a:Re[a,co)}U
[b:R e (00, b1} U {(~00,00))
Thus, intervals may extend to +oo. In particular, intervals (—oo, b], [a, c0) and

(—o0,00) have been defined to be in set CC because they are closed in the
standard topology of the reals [10].

3.2 Definitions for Maximal Intervals

When modelling real-time systems, which may interact with continuous hard-
ware devices, or asynchronous software processes, we let the time domain T be
the real numbers.



Definition 3 (Time)
T==R

In interval calculi, system variables are modelled as functions from the time
domain to their value at that time. For example, the two variables in the gas
burner example are declared here as total functions. Let R be the set of non-
negative real numbers, and B be the boolean type.

gas : T —R*
flame : T — B

For brevity, we allow such variables to appear in predicates as if they are simple
variables of their range type, provided that the entire predicate is appropriately
indexed with a time value. For instance, given a time ¢, let Leak(t) denote the
predicate ‘gas(t) > 0 A = flame(t)’.

Sets of intervals during which a predicate P holds are then defined as the set
of all intervals @ such that predicate P is true at every time 7 in @.

Definition 4 (Interval Predicates) Let P be a predicate on the system state.
{Py=={2:00 | (Vr:Pe P(1))}

(P]==1{0:0C| (Vr:® e P(r))}
[Py =={P:CO| (VT :Pe P(1))}

[Pi=={®:CC|(VT:Pe P(T))}

Commonly-required syntactic abbreviations are introduced so that predicate
P may refer to properties of the intervals it is defining, specifically the starting
time «, finishing time w, and duration §. For some interval I, let inf I be its
infimum, and sup I be its supremum.

a ==inf @
w ==sup ¢
d==w—a

Recall that the infimum of a left-infinite interval (—oo, b) is —oo, and the supre-
mum of a right-infinite interval (a,00) is oo, even though no interval may contain
these values [10, §2.3].

As in previous work [2], syntactic shorthands for combinations of these brack-
ets are defined trivially as unions. For instance, the set of all right-open intervals
is defined as follows.

EP) == [P)U(P)

Thus, the left-hand endpoint may be open or closed. Similarly for sets of right-
closed [P, left-open (PJ, and left-closed [PJ intervals. The final case is where
no constraints are placed on the endpoints.

[Py ==(PJUEP{UCPIUEP)



We now extend this notation to define maximal intervals. Following previous
convention [6], we indicate a maximal endpoint by adding an extra vertical line
to the brackets defined above. For instance, the left-maximal open intervals in
which predicate P holds are denoted {P. Intuitively, intervals in set {PJ are
those intervals from set ¢(PJ which cannot be extended any further to the left
because they will overlap with times at which P is false, or they already extend
to —oc. Let C denote proper subset (with C denoting subset).

Definition 5 (Maximal Intervals) Left-mazimal intervals are defined as fol-
lows.

gPy=={I:(P)|(—m3J:(PYe I CJ Asupl =suplJ)}
fPy=={1:[P)| (=~ 3J:[P)eICJ Asupl=suplJ)}
BPy=={1:fPy| (- 3J:fP)e I CJ Asupl =suplJ)}

Similarly for right-closed and right-unspecified intervals. Also, similarly for right-
mazimal intervals, except that inf I = infJ replaces sup I = supJ. Combina-
tions for mazimal right-open intervals are defined as follows.

4Py == {I:{P)| (= 3J: {Pye ICJ)}
fPy=={1:tP)| (= 3FJ:[Pye I CJ)}
RPhy == {I:fP)|(~ 3J:[PyelC J)}

Similarly for other right-mazimal intervals.

Thus, for instance, the definition of §P) states that for each left-maximal interval
I there is no interval J in which P holds that can be extended further leftwards
than I. The condition sup I = supJ ensures that the right-hand endpoint of J
is not extended.

In previous work using finite intervals [2], concatenation was defined in Z as
follows. The definition proves to be equally applicable to infinite intervals. Let I
be the set of all possible intervals, i.e., T= QO U CCUCO U OC.

Definition 6 (Concatenation) Let X and YV be sets of intervals.
Xs3Y=={2:X;y:Y;z:1|z=2UyANVl:z; b:yeti <b)ez}

In other words, an interval z from set X can be joined to an interval y from set
Y, to form a new interval z in set ‘X ; Y, provided that (a) # and y meet so
that z can be formed from their union, and (b) all points #; in  occur before
all points ¢ in y so that the two subintervals do not overlap.

With these definitions in place, we can now revisit the motivational example
from Section 2. Property (3), which required the gas to be switched off no more
than 3 seconds after the flame went out, can now be expressed more concisely
as follows.

k= flamej N fgas > 0f C 6 < 3] (5)



The left-hand endpoints of the ‘= flame’ intervals on the left are now guaranteed
to mark times at which the flame goes out. There is thus no need to introduce a
preceding ‘flame’ interval. Furthermore, the right-hand endpoints of the ‘gas >
0’ intervals on the left will all occur at points where the gas was switched off, so
there is no need to state ‘gas = 0’ in the following interval.

Note that property (3) did not require the gas to be switched off following the
flame going out; if the gas stays on indefinitely there is no ‘gas = 0’ subinterval
and the property says nothing. However, property (5) prevents this behaviour
because the ‘gas > 0’ interval on the left-hand side could extend to oo, whereas
there is a ‘6 < 3’ constraint on the right-hand side.

Similarly, property (4), which states that periods in which gas is not leaking
must have a minimum duration of 30 seconds, can be considerably simplified.

f Leak] C 4 > 303 (6)

Again, the endpoints of the intervals on the left will all occur at times where
the state of the Leak predicate changes, or £oo if the ‘= Leak’ property remains
true indefinitely.

3.3 Discussion

Introducing infinite intervals to the calculus raises a number of subtle issues. For
instance, from property (6) it follows that if there is any time ¢ : R after which
predicate = Leak is forever true, then no matter how large ¢ is, the interval [¢,00)
satisfies the property because the interval’s duration is co — ¢t = oo [10, §2.3].

Care must be taken with maximal intervals when choosing whether an end-
point should be open or closed. For example, let 2 be the identity function
(At :Tet) Then, (4 <z =4 <z) ={(4,00)} and 4 < 2] = {[4, 0)}.
However, [4 < 2] = @. In the latter case, no matter what closed interval with
infimum greater than 4 is chosen, it can always be extended slightly to the left
while keeping predicate 4 < z true, so no maximal closed interval that has this
property can be found. In practice, this problem can be solved by using ‘unspec-
ified’ endpoint brackets. The set |4 < zJ] = {(4,00)} contains all valid matches
of endpoint closure with the predicate.

Other unusual results are possible by mixing maximal brackets with con-
straints on the interval duration. For instance, [0 < 1j = @. In this case, no
matter what length interval less than 1 is chosen, it can always be extended
slightly to either the left or right while keeping predicate § < 1 true, so no
maximal interval that has this property can be found.

It is also interesting to note that

§P Aa>10) #§Ph)Nta > 105.
For instance, if P is true from times 5 to 15, exclusive, then P A o > 10) =
{(10,15)}, but §PhNta > 10y = {(5,15)} N fa > 10 = .
However, maximal brackets satisfy certain intuitively reasonable conditions.

Let P be a predicate, with @ (and therefore o, w and J) not free in P. Then the
following conditions are satisfied:



— Each interval is contained in a maximal interval, i.e., if I € [P], then there
exists I’ € fPJ such that I C I'.

— Maximal intervals are disjoint, i.e., if I, I’ € fP] such that I NI’ # &, then
I=r.

- 1Pl = iPINEPD.

If @ is free in P, then counterexamples can be found.

3.4 Laws for Maximal Intervals

In previous work, a number of laws were presented for the Timed Interval Calcu-
lus [2, 1], themselves derived from laws defined for the Duration Calculus [9, 3].
These laws were stated for non-maximal intervals only. Although some of these
laws can be reused for maximal intervals, many cannot. For instance, given two
predicates P and @, the equivalence fPYN[FQJ = fP A QJ expresses an elegant
relationship between logical conjunction and set intersection. However, in gen-
eral, we have only the weaker Law 4 below (FPYNEQY C P A Q) for maximal
intervals. Similarly, the relationship between logical implication and subset for
non-maximal intervals is that if P = @, then [Py C [ Q). However, for maximal
intervals, [P € fQJ in general, because @ may hold over a longer period of
time than P, and hence set [f Q] does not contain all of the maximal subintervals
in which P holds. Thus maximal intervals do not enjoy many of the set-theoretic
properties of their non-maximal predecessors.

Nevertheless, we may still state many useful laws applicable to sets of maxi-
mal intervals. The most important new law, Law 1, states that sets of maximal
intervals are always subsets of non-maximal intervals. This allows some existing
laws to be reused for maximal intervals. Let P and @) be predicates. Let S, T
and U be sets of time intervals.

Law 1 [PJ C [P]

Law 2 If P & @, then P} =[QJ-

Law 3  [{truef = {(—oco,00)} and [false}] = &
Lawd  [PINRQIC BP A Q)

Law 5 IfSC S and TC T/ then §3TC S 3T .
Law 6 (S;T);U=5;(T;U)

Law 7 S30=035=0

Law 8 (SUT);U=(S;0)uU(T;0)
S5(TUU)=(S;T)U(S50)
Law 9 (SNT);UC(S;U)N(T30)
S;(ITNU)C(S3T)N(S;50)

Law 10 If & is not free in P, then fP Ad > 0y = {PY; [P).

Law 11 If @ is not free in P, and r : Rt then [P Ad =r] =[P A§ = r] and
PAd=r)=(PAI=1r).

Law 12 [P]; }P]=[Pl; fP1=2

Law 13 - PY;§P) =~ P§;EP) = k- PJ; EP]

Law 14 [f— PY; (§PINS) = k- PR3 (EPINS) = k= P15 (PN S)



Laws 5 to 9 [2] hold for any interval, while Laws 2 to 4 and 10 are modifications
of existing laws. Laws 11 to 14 are entirely new.

Law 11 reminds us that the use of the special values a, w, § or @ within
maximal brackets may yield counter-intuitive results. Since it constrains the
length & of the intervals, then the requirement that one of the endpoints is
maximal has no effect. The starting time « of intervals on the left may occur
after the point at which the predicate P became true, because such an interval
cannot be extended further leftwards without making predicate § = r false.

Law 12 shows that if a bracket is maximal with respect to a predicate, then
the same predicate cannot hold beyond the bracket. Law 13 shows that at a point
of concatenation where a predicate changes from false to true, the intervals are
inevitably maximal. Law 14 is a generalisation of Law 13. These laws confirm
that maximal brackets can express any requirement described in the [P];[f— PJ
style. However, the converse is not necessarily the case, because maximal brackets
can express properties of infinite behaviours that cannot be stated using the
concatenation operator.

Indeed, the relationship between maximal and ordinary brackets can be
demonstrated by proving that property (6), which is expressed using maximal
brackets, implies property (4), which is expressed in the concatenation style.
That is, we wish to prove the following relationship

= Leak] C [0 > 30)
= [Leaky ; - Leaky 5 fLeaky C F6 > 30J.

The proof is straightforward:

ELeak] ; [~ Leak] 5 [ Leak)

= ‘Law 13’

[Leaky 5 f— Leak] 5 [ Leak]
C ‘property (6) and Law 5’

[Leaky 5 f6 > 30 5 fLeaky
C ‘definition of 3’

ko > 30§

Note that property (6) expresses constraints on infinite intervals that are not
even defined by property (4).
Similarly, we can prove that property (5) implies property (3). That is, we
prove
B— flame) N [fgas > 0] C [é < 3]
= [Fflame] 5 [~ flame A gas > 0y ;5 fgas = 0] C [flame) ; 6 < 3] 5 fgas = 0.

The proof is equally straightforward:

Eflame] 5 [~ flame A gas > 0 5 [fgas = 0



= ‘conjunctivity, [2, Law 3]’

Eflame) 5 (f— flame) N fgas > 0) 5 fgas = 0
= ‘Law 14 twice’

Eflamey 5 (f— flame) N [fgas > Of) 5 fgas = 0]
C ‘property (3) and Law 5’

Eflame) 5 {6 < 3] 5 fgas = 0

Note that unlike property (5), property (3) permits the gas to remain on indef-
initely after the flame has gone out.

4 Conclusion

We have presented a new definition of maximal intervals for the Timed Interval
Calculus, in order to improve its expressive power for event-oriented specification
and reasoning. In doing so it proved necessary to introduce infinite intervals to
the formalism, to cater for properties that remain unchanged forever.
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